We present the exact constraint design of a two degrees of freedom cross-flexure-based stage that combines a large workspace to footprint ratio with high vibration mode frequencies. To maximize unwanted vibration mode frequencies the mechanism is an assembly of optimized parts. To ensure a deterministic behavior the assembled mechanism is made exactly constrained. We analyze the kinematics of the mechanism using three methods; Gr€ ublers criterion, opening the kinematic loops, and with a multibody singular value decomposition method. Nine release-flexures are implemented to obtain an exact constraint design. Measurements of the actuation force and natural frequency show no bifurcation, and load stiffening is minimized, even though there are various errors causing nonlinearity. Misalignment of the exact constraint designs does not lead to large stress, it does however decrease the support stiffness significantly. We conclude that designing an assembled mechanism in an exactly constrained manner leads to predictable stiffnesses and modal frequencies.
Introduction
In precision manipulation, repeatability [1] and determinism [2, 3] play an important role. Determinism means that given inputs result in consistent responses that are not affected by fortuitous disturbances. In vacuum traditional roller or plain bearings to guide motion suffer from increased friction, hysteresis, and wear. In addition these bearings contaminate the vacuum due to the release of particles, and the evaporation of lubricants. Solutions are to use air or magnetic bearings at much increased cost levels, or to use flexure-based mechanisms. Flexure mechanisms [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] behave to a large extent deterministic, because they do not suffer from friction, stiction or backlash, and therefore they show a low hysteresis.
However, flexures inherently lose stiffness in supporting directions when deflected, while the actuation stiffness does not change much [15] . This effect in combination with the introduced stress when deflected, limits the range of motion [3, 7, 13, 17] . We have to distinguish two types of stiffnesses. The mechanism motions associated with the actuation stiffness should ideally be low in stiffness because they need to be actuated. The supporting stiffness should ideally be high to result in high natural frequencies associated with the uncontrollable modes. The higher the natural frequencies for these unwanted modes, the less disturbances from the outside like shocks influence the position of the end-effector with respect to the base, and the better the precision. Examples of confined vacuum spaces where high support stiffness and high natural frequencies over a large range of motion are important are found in extreme ultraviolet and E-beam lithography machines, and SEM and TEM microscopes. Other applications can be found in satellites where the mass of a mechanism is of utmost importance. Figure 1 shows a drawing of the two-DOF flexure-based mechanism. To obtain a large ratio of support stiffness in relation to the actuation stiffness, a lumped compliance design approach has been used [3] . Wiersma [16] has maximized the unwanted frequencies of several hinge designs over a 620 deg range of motion with a load representative for the base mounted flexures of this two-DOF mechanism while constraining the allowable stress. It turns out that the optimal leaf-spring geometry of the flexure hinges combines a small thickness and length, such that the maximum stress criterion is met at the maximum deflection. Therefore, for static, dynamic, and also elastic stability reasons the compliance should be concentrated or lumped, resulting in flexure hinges. The cross-flexure hinges are tuned to maximize the lowest natural frequency [17] . The used flexures have relatively large dimensions in the out of plane direction, and have a 3D shape. The design of the arms has been optimized for low mass and high stiffness. Monolithic positioning mechanisms fabricated, for example, wire EDM, water jet, or deep reactive ion etching naturally have less misalignment problems, although temperature gradients could still cause small misalignments. While this is a convenient and precise method of fabricating flexure-based mechanisms, it is difficult to create high stiffness low mass optimized features with a 3D geometry. The proposed mechanism therefore consists of many discrete parts.
To guarantee deterministic behavior with the many assembled parts, the mechanism is designed to be exactly constrained [2, 3, 18, 19] . Exact constraint design, as opposed to elastic averaging, does not require tight tolerances on flatness, parallelism, and squareness, and it allows for temperature fluctuations without excessive stress in the structure. In mechanisms with roller or plain bearings internal loading causes excessive friction and wear. Internal stress caused by a combination of overconstraining and misalignment in flexure-based mechanisms can lead to load stiffening [20] and bifurcation [21] . Load stiffening arises when a planar mechanism, like the two-DOF mechanism, shows overconstraints in a planar analysis. Then overconstraints directly affect the actuation stiffness. Bifurcation arises when the internal stress due to misalignment exceeds the elastic stability limit of flexures. Meijaard et al. [21] have shown that a misalignment angle of several tenths of milliradians can be sufficient to provoke bifurcation in an overconstrained parallel leaf-spring flexure. The bifurcation results in a stiffness reduction of roughly one order in the intended stiff support directions. Lumped compliance overconstrained designs are sensitive for misalignments because they bifurcate at small misalignments. Therefore, the two-DOF mechanism is designed to be exactly constrained.
In a kinematic analysis of DOFs and constraints joints are assumed infinitely stiff in certain directions while being infinitely compliant in others. In reality flexure joints have a relatively high stiffness in certain directions while having a small stiffness in others. The flexure hinges of the two-DOF stage consist of a leaf-spring kinematically in parallel with two perpendicular wireflexures [17] . A leaf-spring is stiff in three DOFs and a wireflexure is stiff in one DOF [3] . Together the flexure hinge has five stiff directions with respect to one low rotational stiffness. The rotational stiffness of the used hinges are in fact at least a 1000-times more compliant than the stiffness of the support directions [16, 17] . Therefore, kinematically the hinges are treated as ideal hinges, constraining five DOFs and leaving free only the in-plane rotation. The flexure hinges will also cause in-plane displacements when rotated due to the shift of the instant center of rotation. This parasitic motion, however, will not influence the constraint analysis because the parasitic displacements are part of the motion the mechanism facilitates, so they will not lead to self-stress.
To investigate if and where a mechanism is overconstrained several methods can be used. Analysis can be based on counting the DOFs of the free bodies and the number of constraints. Maxwell [22] determined the number of overconstraints in trusses, valid for a general case, by counting the number of bars and subtracting the degrees of freedom of the nodes. Chebychev [23] determined the number of degrees of freedom of the freed bars and the number of constraints imposed by the joints. Gr€ ubler [24] proposed a count similar to Maxwell's, but with the inclusion of bars with more than two connections. Kutzbach [25] made a generalization to include spatial mechanisms. A constraint analysis of the two-DOF mechanism using the Gr€ ubler criterion will be shown in Sec. 3. In case of a mechanism with overconstraints the Gr€ ubler criterion predicts an erroneous mobility. Blanding [18] describes a constraint analysis based on ideal constraints. An ideal constraint is approximated as having infinite compliance perpendicular to the constraint's line of action and infinite stiffness along the constraint's line of action. This model, although simplistic, is adequately descriptive for finding the directions of free motion. However, analyzing the overconstraints requires another approach. A generalized formula calculating the mobility taking into account overconstraints lacks.
A solution is opening each kinematic loop, and analyzing the constraints meeting at the connections. This method will be shown for the two-DOF mechanism in Sec. 4. However, in complex structures the approach might not succeed, because it requires a large level of understanding.
Another solution is to determine the rank of the homogeneous linear set of constraint equations as proposed by Besseling [26] , Pellegrino and Calladine [27] , Angeles and Gosselin [28] , and Aarts et al. [29] . Aarts et al. show that, based on a flexible multibody modeling approach and the singular value decomposition (SVD) of a specific Jacobian matrix, both under-and overconstraints can be determined. Overconstrained modes are visualized by plotting the modes of self-stress in stress distributions of the mechanism. This method will be shown for the two-DOF mechanism in Sec. 5.
In this paper, we will show three methods for analyzing the constraints of the two-DOF mechanism; Gr€ ubler's criterion in Sec. 3, opening the kinematic loops in Sec. 4, and using a multibody singular value decomposition method in Sec. 5. These analyses will be preceded by the background of the conceptual design of the two-DOFs stage in Sec. 2. With the overconstrained modes known a choice can be made where to release the overconstraints. In Sec. 6, we will show the locations of the implemented releases in the designed and fabricated two-DOF mechanism. To verify the predictability of the two-DOF stage we compare measurements with modeling results of the actuation stiffness and the vibration mode frequencies in Sec. 7, after which conclusions are drawn.
Conceptual Design
The conceptual design of the two-DOF flexure-based mechanism shown in Fig. 1 , has been explained more elaborate by Folkersma et al. [17] . A mechanism was selected that allowed base mounting of the two actuators, while four DOFs are constrained. The proposed mechanism is based on a planar parallel kinematic mechanism (PKM) with planar hinges and rigid bars. Figure 1 shows the two mechanism motions. It consists of 11 hinges numbered h 1 -h 11 and seven bars b 1 -b 7 and the end-effector b 8 . The mechanism consists of two parallelograms h 1 -h 10 -h 11 -h 2 and h 4 -h 7 -h 8 -h 5 to constrain the in-plane rotation of the end-effector, leaving two remaining in-plane translational DOFs. One DOF is driven by an actuator at hinge b 2 , the other DOF is driven by an additional bar pair b 3 -b 6 with an actuator at hinge h 3 . The use of the additional bar pair allows both of the actuators to be placed at the base of the mechanism, avoiding the need to add the full weight of an actuator to the moving mass.
While this particular layout might have a lower performance in terms of supporting stiffness compared to more symmetrical mechanisms, the footprint is relatively small and the in-plane rotation of the end-effector is constrained passively. Also the hinges connected to the base are located at one side of the mechanism, which allows the end-effector with arms to move away, allowing access to a possible work piece.
The kinematics of the mechanism were optimized for a minimum footprint given a workspace of 100 Â 100 mm, and a constraint on the range of motion of the flexures of 40 deg. For this layout optimization, a parametric kinematic model of the mechanism was made in the multibody simulation program spacar, consisting of rigid bars connected in their pivot points with hinges. We used a modified version of the Nelder-Mead simplex method [30] to minimize the footprint. The size of the complete mechanism is 540 Â 585 Â 87 mm and the workspace-area to footprint ratio is 1 32 . This is large compared to [13, [31] [32] [33] [34] [35] . The cross-flexure hinges were tuned and oriented to maximize the lowest unwanted natural frequency.
Constraint Analysis Using Gr€ ubler's Criterion
The number of DOFs and overconstraints can be analyzed by Gr€ ubler's criterion [24] .
In a two-dimensional analysis a rigid body has three DOFs; thus when n bars are fully free from one another, the mechanism has 3n DOFs. Each hinge requires that a certain point of a bar coincides permanently with a certain point of another. Thus, the two coordinates must be the same for both points. The number of DOFs of the mechanism becomes 3n -2s, with s is the number of hinges. But, we are only concerned with the relative motions of the bars and not with the motion (of three DOFs) of the mechanism as a whole. Hence, the mobility M according to Gr€ ublers criterion
Analogues arguments hold for a three-dimensional analysis. Rigid bodies then have six DOFs, the hinges constrain five DOFs, and the mobility according to Gr€ ublers criterion becomes
In a two-dimensional planar analysis of the two-DOF mechanism the nine rigid bars, including the base, with each three DOFs sum up to 27 DOFs. The eleven hinges each constrain two DOFs so there are 22 constraints in total and only five DOFs remain in the system. The three rigid body modes of the mechanism are not considered, and therefore subtracted from the system's DOFs. Then, there are two DOFs more than there are constraints as is summarized in Table 1 . Because the mobility is twofold, there are no overconstraints in-plane. With the two actuators the mechanism in-plane is exactly constrained.
The mechanism can also be analyzed including the third dimension by Gr€ ubler's criterion. The nine bars now give rise to 54 DOFs, the four hinges impose 55 constraints, and 6 rigid-body modes are not considered. As shown in Table 1 this results in nine more constraints than there are DOFs. Because the two-DOF mechanism has a mobility of two, there have to be nine overconstraints. The overconstraints do not appear in the two-dimensional analysis, but do show up in the three-dimensional analysis. Apparently, the overconstraints are related to the out-of-plane directions. There are nine releases and two actuators required to obtain an exact constraint mechanism.
The Gr€ ubler's analysis only results in the correct mobility number if the amount of overconstraints are known. Or the other way around, the correct number of overconstraints only shows when the mobility is known. In addition, the direction of the under-and overconstraints does not result from the analysis.
Constraint Analysis Opening the Loops
A second approach to determine the mobility and number of overconstraints of the two-DOF mechanism is by opening the loops of the mechanism. Therefore, the two-DOF stage is split up in two subassemblies. Fig. 2 , shows the constraints and free motions of the two parallel paths analyzed at hinge h 11 . It is as if the four-bar mechanism b 1 -b 7 -b 2 -base is being assembled, and joint h 11 is the last connection in the loop to fit together. Again, the analysis is made assuming that each hinge permits exactly 1 rotation, the bars are rigid, and actuator 1 constrains exactly one DOF.
Loop 1. Subassembly 1, shown in
In-plane there are four constraints, x B , y B , h A , and h B . The rotational constraint between h A and h B is however released by hinge h 11 . Therefore, the four-bar mechanism is constrained three times in-plane, which makes the mechanism exactly constrained inplane.
In the out-of-plane direction, however there are six constraints; z A , u A , w A , z B , u B , w B , while three constraints are required for an exactly constrained four bar mechanism. The four bar mechanism is three times overconstrained. Fig. 3 , can be analyzed by assuming that the actuators are constraining the actuated DOFs. In that case the mechanism of subassembly 1 is constrained and hinges h 4 , h 5 , and h 6 can be assumed to be attached directly to the base. Subassembly 2 is then simplified to four rigid bars, b 4 E . Therefore, it can be concluded that subassembly 2 is overconstrained six times. Subassembly 1 and 2 combined overconstrain the system nine times. All overconstraints are related to the out-of-plane direction, which is not surprising because the mechanism in a twodimensional analysis is designed as being exactly constrained.
Loops 2 and 3. Subassembly 2, shown in
With respect to the Gr€ ubler method, the opening-the-loop method provides the correct mobility number without knowing the number of overconstraints beforehand. In addition the method gives the direction of the mobility and overconstraints. However, in complex spatial structures the approach might not succeed, because errors are easily made. A more fail safe mathematical analysis is presented next in Sec. 5.
SVD Constraint Analysis Method
In this section, the concept of the multibody analysis using a SVD will be briefly explained. For a more elaborate explanation we refer to Aarts et al. [29] .
Multibody Model Description.
A multibody system is used to model the kinematic behavior of interconnected rigid bodies, each of which may undergo large translational and rotational displacements. A set of nodal coordinates x (k) describes the locations and orientations of the nodes of an element k relative to a fixed coordinate system. A set of deformation coordinates e 
The entire multibody system can be assembled of finite elements by defining a global vector x of all nodal coordinates. The deformation functions of the elements can be collected in a global vector e for which we can write the nonlinear vector function e ¼ DðxÞ
The vectors x and e can be partitioned in invariant nodal coordinates and deformations having a fixed prescribed value x (o) and e ðoÞ , dependent nodal coordinates or deformations x (c) and e ðcÞ , and independent (or generalized) nodal coordinates or deformations x (m) and e ðmÞ . The number of independent nodal coordinates or deformations n ðmÞ x þ n ðmÞ e ¼ n indof is the number of intended DOFs.
Constraint conditions are applied to restrict the kinematical degrees of freedom of one body in relation to another. The combined system of nonlinear constraint equations should be solvable for the unknown dependent nodal coordinates x (c) as a function of the invariant deformation coordinates e ðoÞ and the independent deformation coordinates e ðmÞ . These are related in matrix J, the partial differentiation of the invariant and the independent deformation functions with respect to the dependent nodal coordinates. 
To solve the system, the number of unintended DOFs n undof and overconstraints n oc should be zero. Then, the matrix J is square and regular, and the dependent velocities can be calculated from the independent velocities. With n x the total number of nodal coordinates, n ðoÞ x and n ðoÞ e the number of constrained nodal coordinates and deformation mode coordinates becomes [19] Using Eq. (6), the overconstraints of the two-DOF mechanism can be analyzed. There are 11 nodal locations with 6 nodal coordinates each, shown in Fig. 1 , and there are eleven hinges which introduce another 11 nodal coordinates, see Table 2 . So in total n x is 77. There are 18 fixed nodal coordinates resulting from the three nodal locations fixed to the base. The total number of dependent nodal coordinates, which need to be calculated, is then 59. Beams b 3 , b 4 , b 5 , b 6 , and b 7 have 6 constrained modes each, fixing the two nodal locations in respect to each other. Body b 1 , b 2 , and b 8 have 12 constrained modes each, fixing the three nodal locations attached to the body in respect to each other. So there are 66 constrained deformation mode coordinates. Then, according to Eq. (6) n oc À n undof ¼ 7. It means there are 7 more overconstraints than there are unwanted DOFs. Essentially, this is the same result as Gr€ ubler's criterion gave in Table 1 . However, two hinges have independent deformation coordinates, because they are actuated, so n oc À n undof ¼ 9. Again, the multibody coordinate counting and the Gr€ ubler's analysis only result in the correct number of overconstraints or mobility if one of the two is known. If n oc is equal to n undof and unequal to zero, matrix J is square. Only counting multibody coordinates gives the false impression that the system is exactly constrained. Therefore, matrix J must also be nonsingular, or equivalently the matrix J should have full rank.
SVD Method.
For any square or rectangular matrix the rank can be determined from its SVD which for J can be written as
where R is an m Â n diagonal matrix with non-negative real numbers on the diagonal known as the singular values of J, m denoting the number of rows in J, and n is the number of columns. U is an orthogonal m Â m matrix, and V is an orthogonal n Â n matrix. A mechanism is exact constraint if the matrix J has full rank. Matrix J has full rank if its inverse exists, which means matrix J is square, i.e., m ¼ n, and all singular values are positive.
We consider the nodal forces f and the vector of generalized stress resultants r in the elements. These forces and stress resultants are dual to the velocities _ x and _ e, respectively. Each column in U accompanying one of the zero singular values or an excess row of J gives a nonzero solution of the generalized stress resultants r (o) and r (m) that represent a set of statically indeterminate stresses (overconstraints) [29] . A visualization of the stress distribution is proposed by Boer et al. [36] . The matrix U has been processed to give a distribution of the von Mises stress, bending stress or shear stress component. These stresses are combined into an equivalent von Mises stress. The absolute value of the stress has no meaning as it can be scaled. The distribution shows the locations where stress can be expected due to an overconstraint. The stress in reality will be zero if the alignment of the parts is perfect. With increased misalignment the stress level will increase proportionally.
For completeness we state that each column in V accompanying one of the zero singular values or excess columns specifies a vector of velocities which represents the motion of a kinematically indeterminate mode [29] (an underconstrained mode, which is equal to the motion associated with the mobility if no independent coordinates have been chosen).
Loop 1.
The overconstraints of the four-bar mechanism of Fig. 2 can be analyzed using the SVD method with visualization, shown by Brouwer [19] . The hinges release only the rotation in the h direction, and constrain all other five DOFs. Loop h 1 -b 1 -h 10 -b 7 -h 11 -b 2 -h 2 -base will be analyzed. Figure 4 shows the von Mises stress distribution in this first loop due to the three overconstraints, which can be compared with the overconstraints shown in Fig. 2. Figure 4(a) shows a stress distribution mainly due to torsion in beam b 1 and bending primarily in beams b 2 and b 7 . So, the SVD analysis shows in accordance to the "opening the loops" analysis that there are three overconstraints with three overconstrained stress distributions. The distribution in Fig. 4(a) is closely related to the double constrained z A and z B in Fig. 2 . The distribution in Fig. 4(b) is closely related to the double constrained w A and w B in Fig. 2 . The distribution in Fig. 4(c) is closely related to the double constrained u A and u B in Fig. 2 . Using the SVD method it can be checked at which locations releases can be inserted to reduce the overconstraints. This can be done by implementing releases one by one. We jump to two inserted releases in w direction at both ends of beam b 7 . The fourbar mechanism then has only one overconstrained stress mode left, which is shown in Fig. 5 . Both releases contribute to lowering the number of overconstraints. One extra release is required to obtain an exact constraint mechanism. The stress distribution shows that beams b 1 and b 2 are loaded mainly by bending and beam b 7 is loaded purely by torsion. To release the third overconstraint of the four-bar mechanism, either bending in u-direction should be released somewhere in beam b 1 or b 2 , or torsion should be released in beam b 7 . In Ref. [19] , it is shown that for maximizing the stiffness at the end-effector, the path of beams directly toward this end-effector should preferably not contain releases. Because beams b 1 and b 2 are in the stiff path toward the endeffector, we chose to implement the releases in beam b 7 . Therefore, we chose to release torsion in beam b 7 , and we implicitly chose to insert the first two releases also in beam b 7 . It can also be concluded that all the stress modes in loop 1 show out-of-plane stress. This was expected because the mechanism is exactly constrained in-plane.
Loop 2.
With the three inserted releases in loop 1, loop 2, h 4 -b 4 -h 7 -b 8 -h 8 -b 5 -h 5 , is added and analyzed. In the model, the hinges h 4 and h 5 coincide with hinges h 10 and h 11 . For the constraint analysis this has no influence. Figure 6 shows three overconstrained modes, which again are all related to the out-of-plane direction. As shown in Secs. 4 and 5.3, the result of adding a fourbar mechanism is three out-of-plane overconstraints. There is no von Mises stress in beam b 7 , because is has three releases.
In Ref. [19] , it is shown that for maximizing the stiffness at the end-effector, releases in the stiff path of beams toward the endeffector, should be placed close to the end-effector. Therefore, a bending release is inserted in beam b 4 near hinge h 7 . Torsion has been released in beams b 4 and b 5 .
Loop 3.
Having made loops 1 and 2 exactly constrained, the arm, h 3 -b 3 -h 6 -b 6 -h 9 , is added. This creates another loop, with yet three overconstraints. The SVD analysis, shown in Fig. 7 , 
Inserting the Releases
To evaluate the conceptual design, the mechanism has been built and equipped with sensors and actuators. Figure 8 Figure 1 shows the set-up without the top plate. The used material is aluminum, except for the cross-flexure hinges and linkage b 7 . The latter is made out of Stavax Supreme, a high yield mold steel. The parts are discussed in more detail in Ref. [17] .
6.1 Linkage b 7 . As shown in Secs. 4.1 and 5.3 for the mechanism to be exactly constrained, linkage b 7 should only constrain one DOF in the axial direction. This effectively prevents the endeffector from rotating around its z-axis. This is accomplished by designing a linkage which allows one large rotation and two small rotations at each end. Kinematically, this is similar to a ball joint at each end. See Fig. 9 . Both ends consist of a leaf spring with a perpendicular wire-flexure running through the center, and a notch-hinge flexure. In contrast to the hinge-flexures used at the mechanism joints, a stress release-flexure does not need a large range of motion. Therefore, the bending and torsion releases are designed to make small rotations only. However, since there are 3 DOFs at each end, the design is underconstrained. This results in an internal vibration mode, being a twist of the linkage about its longitudinal axis. However, FEM analysis shows that the natural frequency of this mode is sufficiently high and should not interfere with the dynamics at the end-effector or destabilize the controller. Hinges h 10 
Measurements
An exact constraint mechanism should have a predictable behavior. We want to verify the predictability of the two-DOF stage by comparing measurements with modeling results of the actuation stiffness and the vibration mode frequencies.
We measured the actuation force by monitoring the input current through the coils. This way low frequency dynamics from cables with springs or masses and force gauges were omitted. The end-effector position was calculated using the measurements from the linear encoders. The PD-controller of the two-DOF stage was programmed to run three slow sinusoidal position reference sweeps taking three minutes in total. The cross-over frequency of the PD controller was lowered to several Hz in order to smooth the control actions. Disturbances coming from control actions of the second actuator were eliminated by switching off the second actuator and mechanically blocking its motion. Figure 11(a) shows the force of actuator 1, shown in Fig. 8 , and the resulting x-position. The second line shows the force of actuator 2 and the resulting y-position.
The residual displacement, Fig. 11(b) , is obtained by linear fitting, in a least square sense, the position with the force and subtracting it from the measured position. These residuals have in turn been filtered by a zero-phase first order Butterworth filter to show the trend. The measured and fitted mechanism stiffness in x-, and y-direction are, respectively, 269 N/m and 220 N/m. The stiffness according to the model with the nominal leaf-spring The differences between model and measurements are mainly caused by tolerances on the thickness of the leaf-springs, the stiffness of the cables from the actuators and sensors, and tolerances on the alignment of the leaf-springs. We measured the thickness errors of the leaf-springs up to À 9%, which should cause a decrease in actuation stiffness of up to 29%. Misalignment of leaf-springs however increases the actuation stiffness. In the neutral position of the two-DOF stage all leaf-springs of the flexures should have been flat. Because hinges h 1 -h 9 consist of five leafsprings each, they are internally overconstrained. This means not intersecting the five leaf-springs of one flexure at the instant center of rotation axis causes an increased actuation stiffness, which is a form of stiffening. We noticed that, due to tolerances on the parts, hinge h 7 showed curvature, and after a year of experimenting hinge h 10 was somewhat skewed, Fig. 12 . The combined effects of leaf-spring thickness tolerances, misalignment and parallel cable stiffness resulted in a slightly higher actuation stiffness than expected. The positional hysteresis of 1.5 mm, shown in Fig.  11(b) , is caused by the electrical cables. The hysteresis can be minimized by using thinner cables, thinner sheathing, and proper cable routing. The repeatability with a control loop depends on the cross-over frequency of the controller, and the presence of an additional integration action. The high frequency position variations are caused by controller actions. Field strength variations of the magnets are another cause of nonlinearity. The measurements show that there is quite some hysteresis, however due to the relative smooth force to displacement characteristics, the end-effector is easily positioned within 50 nm repeatability with the controller switched on, which is the repeatability of the used linear encoder.
We measured the third and fourth natural frequency, which are the first and second unwanted frequency, of the two-DOF stage over the range of motion [37] . We used a shaker, compliantly suspended, and a laser vibrometer attached to an industrial robot to track several measurement positions. The set-up is shown in Fig. 13 . We blocked actuator 2 and plotted the vibration mode frequencies against the x-displacement, shown in Fig. 14 .
To verify the predictability of the dynamics the measurements are compared with the results from a multibody model, also shown in Fig. 14 . While the third mode is calculated quite accurately, the fourth is less accurate. The main cause of deviation of the model from the measurements is due to alignment errors of the parts in the mechanism. Tolerances on the parts and misalignment in the assembly lead to leaf-springs not being planar in the equilibrium position. Even though this does not lead to large stress in the mechanism because of the exact constraint design, it does cause a decrease in support stiffness. For example, we ran a model of a simplified four-bar mechanism with a rotational misalignment of one of the hinges in the actuation direction of 1 deg. The results show a decrease in the vertical support stiffness at the equilibrium position of about 20% [37] . The decrease in stiffness, with respect to perfectly aligned leaf-springs, become less moving away from the equilibrium position, which is also shown by the measurements. A less significant cause of deviation of the vibration mode frequencies is the up to À 9% thickness error on the leaf-springs, which leads to a 5% decrease of the third and fourth frequency.
Although the measured actuation stiffness and third and fourth vibration mode frequency deviate considerably from the modeled values, it is much less than the decrease in stiffness which would appear due to bifurcation. In the case of Meijaard et al. [21] , a small rotational misalignment of 6 mrad led to bifurcation and a reduction of actuation and supporting stiffness of roughly one decade. This stiffness reduction is much more than we measured, and it appeared more sudden. The two actuation stiffnesses and the third and fourth vibration mode frequencies are predicable. Even with significant misalignments load stiffening is minimized, and bifurcation is prevented. We conclude that designing an assembled mechanism in an exactly constrained manner leads to predictable stiffnesses and modal frequencies.
Conclusions
We presented the exact constraint analysis and design of a two degrees of freedom cross-flexure-based stage. To ensure a deterministic behavior with the many specifically designed and assembled parts the design was made exactly constrained. Three methods were used to analyze the constraints of the mechanism. The method using Gr€ ublers criterion requires background knowledge on either the number of overconstraints or the mobility to calculate the mobility or the number of overconstraints, respectively. Therefore, the criterion on its own cannot be used to identify the constraints of a mechanism if overconstraints are present. The method of opening the kinematic loop and analyzing the constraints meeting from the two sides shows possible under-and overconstraints, and their direction. The method provides good insight but the analysis can be difficult in particular with 3D mechanisms. Gr€ ublers criterion can serve as a check on the number of constraints and the mobility. The mathematical method using the multibody model with singular value decomposition undoubtedly determines the amount of overconstraints companied with their indeterminate stress modes, and the mobility with the accompanying motions.
The two degrees of freedom mechanism consists of three kinematic loops. With ideal rigid bodies and single degree of freedom hinges each kinematic loop gives rise to three overconstraints adding to the total of nine overconstraints in the mechanism. To obtain an exact constraint mechanism we implemented nine releases in the fabricated set-up.
The measured actuation stiffness and third and fourth vibration mode frequency are quite close to the modeled values. Due to the exact constrained design there is no bifurcation, and load stiffening is minimized, even though there are various errors causing nonlinearity. The main cause of deviation in the support stiffness is misalignment of the assembly which leads to leaf-springs not being planar in the equilibrium position. Although this does not lead to large stress in the mechanism because of the exact constraint design, it can cause a considerable decrease in support stiffness. We conclude that designing an assembled mechanism in an exactly constrained manner leads to predictable stiffnesses and modal frequencies.
